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Abstract 

A version of the nonlinear Hodge equations is introduced in which 
the irrotationahty condition is weakened. An ehiptic estimate for so- 
lutions is derived. 1991 MSG: 58E15 (Classical field theory) 

1 Introduction 

In this note we study systems of the form 

5(p(Q)^) = 0, (1) 

du = u Au, (2) 

where u e {T*M) for p > 1; n G A^ {T*M) ; M is an n-dimensional 
Riemannian manifold; 6 : A'^ A^~^ is the adjoint of the exterior derivative 
d; Q = {co,Lu) = *{ujA*uj); * : A^ ^ A"'"^ is the Hodge involution; p : R+ — >• 
is a function satisfying the condition [U] 

K~\Q + kf <p{Q) + 2Qp'{Q) <K{Q + ky (3) 

for some positive constant K and nonnegative constants k, q. 

If M = (or if p = 1 and u = u), then condition (2) degenerates to the 
condition 

duj = 0. (4) 

Equation (1) under condition (4) was introduced and extensively studied by 
L. M. and R. J. Sibner ([SS1]-[SS4]). 
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Equation (1) arises in a variety of physical and geometric contexts. For 
example, if we choose 



then for p = 1, eq. (1) describes the velocity field of a stationary, polytropic, 
compressible flow, where 7 > 1 is the adiabatic constant of the fluid [SSI]. 
Condition (3) with g = is a condition for subsonic flow. For a suitable choice 
of p, eq. (1) can also be used to model nonparametric minimal surfaces of 
codimension 1 [SS2]. If p = 2, then eq. (1) can be used to model the external 
magnetic field of a body with magnetic permeability p'^ (see, e.g., [02]). 

Condition (4) guarantees, via the converse of Poincare's Lemma, the local 
existence of a potential: a.p — 1-form ip such that uj = dip. If a; e A^(T*M) is 
the velocity field of an n-dimensional fiuid, then the multivalued nature of the 
0-form (/9 corresponds to circulation about handles in a nontrivial topology. 
Condition (4) guarantees that the fiow is irrotational: no circulation exists 
about any curve homologous to zero. 

If a; G A^(T*M), then condition (2) only guarantees, via the Frobenius 
Theorem, that uj = idip locally; a potential exists only along the hyper- 
surfaces £ = constant, and circulation about topologically trivial points is 
excluded only along these hyp ersurf aces. (For the extension of this result to 
exterior products of 1-forms, see, e.g.. Sec. 4-3 of [E].) 

We have as an immediate result of (2) the condition 



If UJ denotes tangential velocity of a rigid rotor (p = p{x) only), eq. (6) 
corresponds in three euclidean dimensions to the fact that the direction of 
V X a; is perpendicular to the plane of rotation. Condition (6) also arises in 
thermodynamics [C], [E]. 

The replacement of condition (4) by condition (2) is mathematically sig- 
nificant for the following reasons. Regarding the existence of solutions and 
their uniqueness, eqs. (4) can be used to prescribe a cohomology class for 
solutions, whereas eq. (2) will only prescribe a closed ideal. An L°° bound 
on weak solutions to (1) follows, via a Morrey estimate, from a subeUiptic 
inequality for the scalar Q. The existing estimates ([U], [SS3], [SS4]) all 
rely on (4). Additional remarks on applications are given at the end of Sec. 
2. 





duj A 00 = 0. 



(6) 
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2 Elliptic estimate 

Theorem 1 Let u!,u smoothly satisfy eqs. (1), (2) on a hounded, open do- 
main Q C R". Assume condition (3). Then the scalar Q = *(ci;A*ti;) satisfies 
the elliptic inequality 

L^{Q) + C{Q + ky{\Vu\ + \uf)Q>Q, (7) 

where is a divergence-form operator which is uniformly elliptic for k > 0. 
(Here and throughout, we denote by C generic positive constants the value of 
which may change from line to line.) 

Proof. We have ([U], (1.5)-(1.7)) 

{u, A {p{Q)uj)) = d, {u, d, {p{Q)uj)) - {d,uj, d, {p{Q)u)) 
= AH{Q) - [p{Q) {diu;, dico) + p'{Q) {dnj, u) diQ] , (8) 

where 

AH{Q) = di + Qp'iQ)) diQ 

e n, and, here and throughout, we use the Einstein 
convention for repeated indices. Observe that H is defined so that 

H'{Q)^]^p{Q) + Qp\Q). 

Moreover 

p'{Q) {dico, co) diQ = ^ 2p'{Q) {dico, cof . (9) 

i 

If p'{Q) > 0, then (9) imphes that 

p{Q) {diU, diu) + p'{Q) {diU,u) diQ > p{Q) |Vu;|' > K-\Q + |Vu;|' . 

(10) 

In (10) we have used the inequality 

p{Q) > K-\Q + k)\ (11) 

which follows from (3) (with a possibly larger constant K). If p'{Q) < 0, 
then (9) and the Schwarz inequality imply that 

p{Q) {dicu, diu) + p'iQ) {diU, cu) diQ > p{Q) \Vuj\^ + 2p'{Q) \Vuj\^ Q = 
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\p{Q) + 2Qp'{Q)] > K-\Q + | Vu;|' . (12) 
Thus (8) implies, via either (10) or (12) as appropriate, the inequahty 

(cu, A {p{Q)uj)) < AH{Q) - K-\Q + kf | Vcu|' . (13) 

Applying eq. (1) to the left-hand side of (13) yields, for A = — {d5 + 5d) , 

(c^, A (p(Q)a;)) = - * [a; A *(5ci {p{Q)uj)\ = (-l)'*(f+i)+'^ * [uj A *{*d*)d{puj)] 

^ (_l)n(p+l)+n+n(n-p)+n-p ^ ^ ^ * d{pu)] = 
(_l)n(j>+l)+n+n(n-p)+n-p+p ^ /y *d{pu;)] - [du A *d{pu;)]} 

= (-l)«("+3) [cu A *d{puj)] -*[uAojA *d{puj)]} = Ti - T2. (14) 

We express the first term in this difference, up to sign, as a divergence in the 
1-form d(5,writing 

Ti — *d[u! A *d{pu!)] — 
*d[u A* {p'{Q)dQ A uj)\ + *d [a; A *pduj\ = Th + T12. (15) 

Notice that 

*da = (-1)^5 * q; = (-l)"di^; (*«) 
for q; e A""-*^. Equation (2) imphes that 

T12 > —\'Ti2\ — — \*d [uj A *{pu A a;)]| > 

- C (I Va;| \u\p\u;\ + \Vu\pQ + \u\ | V(pa;) |) = C (-rm - T122 - rm) ■ 

(16) 

We have, analogously to (11), the inequality p{Q) < K{Q + ky. Using this 
estimate and Young's inequality, we write 

-T121 = -^\Vu;\\u\^\u;\ > -s\Vu;WQ+ky-C(e, K)\u\''(Q+kyQ. (17) 

Kato's inequality and (3) yield, using \p'{Q) • Q| < K{Q + ky, 

—^123 — ~kll<^||V(pa;)| = —\u\\uj\\p'{Q)VQ • u + pVuj\ > 

-\u\\uj\ {\2p'{Q)\u;\V\uj\ ■ uj\ + \p{Q)Vuj\) > 
-2\u\\lu\ \p'{Q) ■ Q\ \V\lu\\ - \u\\iu\K{Q + ky \Vlu\ 
> -3\u\\lj\K{Q + ky\VLj\ > -K{Q + ky (e\Vu}\^ + C{e)\u\^Q) . (18) 
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Substituting (17) and (18) into (16) yields, for a new £, 

Ti2 > -|ti2| > -Ks{Q+ky\VLu\^-{C{s,K)\u\^ + K\Vu\) {Q+kfQ. (19) 
Similarly, 

T2 — *[u /\UJ /\ *d{pUj)\ > —C\u\\u!\\W {pU!)\, 

which can be estimated by (18). Substituting (19) into (15), (15) into (14), 
and (14) into (13), and estimating T2 of (14) by (18) yields, again for a new 

*d[ujA* {p\Q)dQ A oj)] - Ke{Q + A;)«| Vcjp 
-C{e, K){Q + ky (\Vu\ + \u\^) Q < AH{Q) - K-\Q + ky\Vu\\ 
We obtain, choosing < £ < K''^ , 

< {R-^ - eK){Q + ky\Vuj\'^ < AH{Q) ± div (* [a; A * {p'{Q)dQ A a;)]) 

+C{Q + ky {\Vu\ + luf) Q = K{Q) + C{Q + ky (1 Vii| + \uf) Q. 

The ellipticity of the operator L^^ under condition (3) is obvious from the 
definition of Ai7, for either choice of sign in the other second-order term. 
Ellipticity can also be recovered from the arguments of [U], Section 1, as 
includes no terms arising from the right-hand side of (2). This completes the 
proof of the theorem. 

We can derive some minor improvements to the literature of nonlinear 
Hodge theory on the basis of Theorem 1, beyond the weakening of condition 
(4). Lemma 2.3 of [S] and Theorem 3.1 of [02] assume, in addition to (4), 
that g = in (3). Theorem 1 implies obvious extensions of those results. 
(The precise form of the extension of [02], Theorem 3.1, depends on the 
degree of smoothness that one is willing to ascribe to u.) Moreover, our 
arguments imply that the coefficients in expression (2.2) of [S] are zero, 
at least locally, and that the elliptic operator in Proposition 1.2 of [SS4] is a 
divergence-form operator on Q. The arguments of this section improve and 
extend the corresponding estimates of [Ol], Section 3, and [02], Section 4. 
Details are given in [03]. 
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